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Ultrametriity and metri betweenness in
tangent spaes to metri spaes
O. Dovgoshey and D. Dordovskyi
Abstrat
The paper deals with pretangent spaes to general metri spaes.
An ultrametriity riterion for pretangent spaes is found and it is
losely related to the metri betweenness in the pretangent spaes.
Mathematis Subjet Classiation (2000): 54E35.
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1 Introdution
Analysis on metri spaes with no a priori smooth struture is in need of
some generalized dierentiations. Important examples of suh generaliza-
tions and even an axiomatis of so-alled "pseudo-gradients" an be found
in [1, 3, 4, 10, 14, 16, 21℄ and, respetively, in [2℄. A linear struture, and
so a dierentiation, for separable metri spaes an be obtained via their
isometri embeddings into dual spaes of separable Banah spaes. For the
appliation of this approah to develop a rather omplete theory of reti-
able sets and urrents on metri spaes see [3, 4℄. Another natural way to
obtain suitable dierentiations on metri spaes is to indue some tangents
at the points of these spae. The GromovHausdor onvergene and the
ultra-onvergene are, probably, the most widely applied today's tools for
the onstrution of suh tangent spaes (see, for example, [8,9℄ and, respe-
tively, [7, 17℄). Reently a new approah to the introdution of the tangent
spaes at the points of general metri spaes was proposed in [13℄. Our
paper is devoted to the study of the last tangent spaes. We nd neessary
and suient onditions under whih the tangent spaes are ultrametri,
see Theorem 2.9 below. Our seond main result is Theorem 3.2 that om-
pletely desribes metri spaes for whih tangents are, roughly speaking,
the snowaked versions of subsets of R. For onveniene we reall the main
notions from [13℄, see also [11℄.
Let (X, d) be a metri spae. Fix a sequene r˜ of positive real numbers
rn whih tend to zero. In what follows this sequene r˜ will be alled a
1
normalizing sequene. Let us denote by X˜ the set of all sequene of points
from X .
Denition 1.1. Two sequene x˜, y˜ ∈ X˜, x˜ = {xn}n∈N and y˜ = {yn}n∈N are
mutually stable with respet to (w.r.t.) a normalizing sequene r˜ = {rn}n∈N
if there is a nite limit
lim
n→∞
d(xn, yn)
rn
=: d˜r˜(x˜, y˜) = d˜(x˜, y˜). (1.1)
We shall say that a family F˜ ⊆ X˜ is self-stable (w.r.t. r˜) if every two
x˜, y˜ ∈ F˜ are mutually stable. A family F˜ ⊆ X˜ is maximal self-stable if F˜ is
self-stable and for an arbitrary z˜ ∈ X˜ \ F˜ there is x˜ ∈ F˜ suh that x˜ and z˜
are not mutually stable.
A standard appliation of Zorn's lemma leads to the following
Proposition 1.2. Let (X, d) be a metri spae and let p ∈ X. Then for
every normalizing sequene r˜ = {rn}n∈N there exists a maximal self-stable
family X˜p,r˜ suh that p˜ = {p, p, ...} ∈ X˜p,r˜.
Consider a funtion d˜ : X˜p,r˜ × X˜p,r˜ → R where d˜(x˜, y˜) = d˜r˜(x˜, y˜) is
dened by (1.1). Obviously, d˜ is symmetri and nonnegative. Moreover,
the triangle inequality implies
d˜(x˜, y˜) ≤ d˜(x˜, z˜) + d˜(z˜, y˜)
for all x˜, y˜, z˜ from X˜p,r˜. Hene (X˜p,r˜, d˜) is a pseudometri spae.
Dene a relation∼ on X˜p,r˜ by x˜ ∼ y˜ if and only if d˜r˜(x˜, y˜) = 0. Then ∼ is
an equivalene relation. Let us denote by ΩXp,r˜ = Ωp,r˜ the set of equivalene
lasses in X˜p,r˜ under the equivalene relation ∼. If a funtion ρ is dened
on Ωp,r˜ × Ωp,r˜ by
ρ(α, β) = d˜(x˜, y˜) (1.2)
for x˜ ∈ α and y˜ ∈ β, then ρ is the well-dened metri on Ωp,r˜. The metri
identiation of (X˜p,r˜, d˜) is, by denition, the metri spae (Ωp,r˜, ρ).
Denition 1.3. The spae (ΩXp,r˜, ρ) is pretangent to the spae X at the point
p w.r.t. a normalizing sequene r˜.
Note that Ωp,r˜ 6= ∅ beause the onstant sequene p˜ belongs to X˜p,r˜, see
Proposition 1.2.
Let {nk}k∈N be an innite, stritly inreasing sequene of natural num-
bers. Let us denote by r˜′ the subsequene {rnk}k∈N of the normalizing
sequene r˜ = {rn}n∈N and let x˜′ := {xnk}k∈N for every x˜ = {xn}n∈N ∈ X˜ .
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It is lear that if x˜ and y˜ are mutually stable w.r.t. r˜, then x˜′ and y˜′ are
mutually stable w.r.t. r˜′ and
d˜r˜(x˜, y˜) = d˜r˜′(x˜
′, y˜′). (1.3)
If X˜p,r˜ is a maximal self-stable (w.r.t. r˜) family, then, by Zorn's lemma,
there exists a maximal self-stable (w.r.t. r˜′) family X˜p,r˜′ suh that
{x˜′ : x˜ ∈ X˜p,r˜} ⊆ X˜p,r˜′.
Denote by inr˜′ the mapping from X˜p,r˜ to X˜p,r˜′ with inr˜′(x˜) = x˜
′
for all
x˜ ∈ X˜p,r˜. It follows from (1.3) that, after the metri identiations, inr˜′
pass to an isometri embedding em′ : ΩXp,r˜ → ΩXp,r˜′ under whih the diagram
X˜p,r˜ X˜p,r˜′
ΩXp,r˜ Ω
X
p,r˜′
✲
inr˜′
❄
pi
❄
pi′
✲
em′
(1.4)
is ommutative. Here pi, pi′ are anonial projetion maps, pi(x˜) :=
{y˜ ∈ X˜p,r˜ : d˜r˜(x˜, y˜) = 0} and pi′(x˜) := {y˜ ∈ X˜p,r˜′ : d˜r˜′(x˜, y˜) = 0}.
Let X and Y be two metri spaes. Reall that a map f : X → Y is
alled an isometry if f is distane-preserving and onto.
Denition 1.4. A pretangent ΩXp,r˜ is tangent if em
′ : ΩXp,r˜ → ΩXp,r˜′ is an
isometry for every X˜p,r˜′.
2 Betweenness exponent and ultrametriity of
pretangent spaes
Let (X, d) be a metri spaes. Denote by t0 = t0(X) = t0(X, d) the supre-
mum of positive numbers t for whih the funtion (x, y) 7→ (d(x, y))t is a
metri on X . It is lear that dt0 remains a metri if t0 = t0(X) < ∞. The
quantity t0(X) will be alled the betweenness exponent of the metri spae
(X, d). The proofs of the following two lemmas an be found in [12℄.
Lemma 2.1. Let x, y and z be points in a metri spae X. If the inequality
d(x, z) ∨ d(z, y) < d(x, y) (2.1)
holds, then there exists a unique solution s0 ∈ [1,∞) of the equation
(d(x, z))s + (d(z, y))s = (d(x, y))s. (2.2)
3
For points x, y and z in X write
s(x, y, z) :=
{
s0 if (2.1) holds,
+∞ if (2.1) does not hold (2.3)
where s0 is the unique root of equation (2.2).
Lemma 2.2. The equality
t0(X) = inf{s(x, y, z) : x, y, z ∈ X}
holds for every nonvoid metri spae X.
Reall that a metri spae (X, d) is ultrametri if the metri d satises
the ultra-triangle inequality d(x, y) 6 d(x, z) ∨ d(y, z) for all x, y, z ∈ X .
Remark 2.3. For ultrametri spaes X we have the equality t0(X) = ∞
sine inequality (2.1) never holds in these spaes. In fat t0(X) =∞ is true
if and only if X is ultrametri.
For every metri spae (Y, d) dene the subset Y +3 of the Cartesian
produt Y × Y × Y by the rule
(x, y, z) ∈ Y +3 ⇔ d(x, z) > d(x, y) > d(y, z) > 0. (2.4)
It is lear that Y +3 6= ∅ if and only if cardY > 3.
Proposition 2.4. Let (X, d)be a metri spae and let p be a limit point of
X. If the equality
lim
x,y,z→p
(x,y,z)∈X+3
s(x, z, y) = s0 ∈ [1,∞], (2.5)
holds, then for every Ωp,r˜ = Ω
X
p,r˜ and all (β, γ, δ) ∈ Ω+3p,r˜ we have the equality
ρ(β, δ) = ((ρ(β, γ))s0 + (ρ(δ, γ))s0)
1
s0
(2.6)
with
((ρ(β, γ))s0 + (ρ(δ, γ))s0)
1
s0 := lim
t→∞
(
(ρ(β, γ))t + (ρ(δ, γ))t
) 1
t = ρ(β, γ)∨ρ(δ, γ)
if s0 =∞.
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Proof. Let (β, γ, δ) ∈ Ω+3p,r˜ where r˜ = {rn}n∈N and let {xn}n∈N ∈ β,
{yn}n∈N ∈ γ, {zn}n∈N ∈ δ. Let (dn[1], dn[2], dn[3]) be a noninreasing rearrange-
ment of the vetor dn := (d(xn, zn), d(xn, yn), d(yn, zn)) i.e., the vetors d
n
and (dn[1], d
n
[2], d
n
[3]) have the same omponents but d
n
[1] > d
n
[2] > d
n
[3]. It is easy
to see that there is a rearrangement (x∗n, y
∗
n, z
∗
n) of (xn, yn, zn) ∈ X3 suh
that
(dn[1], d
n
[2], d
n
[3]) = (d(x
∗
n, z
∗
n), d(x
∗
n, y
∗
n), d(y
∗
n, z
∗
n)).
The last equality and the relation (β, γ, δ) ∈ Ω+3p,r˜ imply
(x∗n, y
∗
n, z
∗
n) ∈ X+3
if n is taken large enough. Indeed, it is suient to show that dn[3] > 0 whih
follows from
0 < ρ(γ, δ) = (ρ(γ, β) ∧ ρ(γ, δ) ∧ ρ(β, δ))
= lim
n→∞
1
rn
(d(xn, zn) ∧ d(xn, yn) ∧ d(yn, zn)) = lim
n→∞
dn
[3]
rn
.
Consider rst the ase s0 <∞. Write sn := s(x∗n, z∗n, y∗n) where the funtion
s is dene by (2.3). Now using (2.5) and (2.6) we obtain
ρ(β, δ) = lim
n→∞
1
rn
(d(xn, zn) ∨ d(xn, yn) ∨ d(yn, zn)) = lim
n→∞
d(x∗n,z
∗
n)
rn
= lim
n→∞
((
d(x∗n,y
∗
n)
rn
)sn
+
(
d(y∗n,z
∗
n)
rn
)sn) 1sn
= lim
n→∞
((
dn
[2]
rn
)sn
+
(
dn
[3]
rn
)sn) 1sn
,
(2.7)
that implies equality (2.6) for s0 <∞.
Suppose now that s0 = ∞. Let M be an arbitrary positive onstant.
Sine the funtion f(t) = (at + bt)
1
t
, a, b ∈ (0,∞), is stritly dereasing
in t ∈ (0,∞), see Remark 2.7 below, and sine equality (2.5) holds with
s0 =∞, we obtain the inequality
d(x∗n, z
∗
n)
rn
6
((
d(x∗n, y
∗
n)
rn
)M
+
(
d(y∗n, z
∗
n)
rn
)M) 1M
for suiently large n. Consequently,
ρ(β, δ) = lim
n→∞
d(x∗n,z
∗
n)
rn
6 lim
n→∞
((
d(x∗n,y
∗
n)
rn
)M
+
(
d(y∗n,z
∗
n)
rn
)M) 1M
6
(
(ρ(β, γ))M + (ρ(γ, δ))M
) 1
M .
(2.8)
Letting M → ∞ we have ρ(β, δ) 6 ρ(β, γ) ∨ ρ(γ, δ). The reverse in-
equality follows from the supposition (β, γ, δ) ∈ Ω+3p,r˜ by (2.4). Thus (2.6)
holds for all s0 ∈ [1,∞].
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Remark 2.5. Limit alulations in (2.7)  (2.8) are based on the follow-
ing simple fat. If a sequene of vetors (xn1 , x
n
2 , x
n
3 ) tends to the ve-
tor (x1, x2, x3), then the sequene of their noninreasing rearrangements
(xn[1], x
n
[2], x
n
[3]) tends to the rearrangement (x[1], x[2], x[3]). Indeed, the lassi-
al HardyLittlewoodPolya inequality
m∑
i=1
aibi 6
m∑
i=1
a[i]b[i], ai, bi ∈ R, 1 6 i 6 m,
see, for example, [19, Chapter 6, A. 3℄, has as a onsequene the estimation
3∑
i=1
(x[i] − xn[i])2 6
3∑
i=1
(xi − xni )2.
Corollary 2.6. If the metri spae (X, d) is ultrametri, then all pretangent
spaes ΩXp,r˜ are ultrametri for eah p ∈ X.
Remark 2.7. The sums
St(x) =
(
n∑
i=1
xti
) 1
t
, xi ∈ (0,∞),
derease from +∞ to x1 ∨ . . . ∨ xn when t inreases from 0 to +∞. The
inequality St2(x) < St1(x), 0 < t1 < t2 <∞, is sometimes referred to as the
Jensen inequality. For the proof see, for example, [5℄.
As it was shown in Proposition 2.4 the ondition
lim
x,y,z→p
(x,y,z)∈X+3
s(x, z, y) =∞
is suient for the ultrametriity of all pretangent spaes ΩXp,r˜ but it is not
neessary as the following proposition shows.
Proposition 2.8. For every s0 ∈ [1,∞) there exists a metri spae (X, d)
with a marked point p suh that
lim
x,y,z→p
(x,y,z)∈X+3
s(x, y, z) = s0
but all pretangent spaes ΩXp,r˜ are ultrametri.
6
Proof. Let b˜ = {bn}n∈N be a sequene of positive real numbers suh that
lim
n→∞
bn
bn+1
=∞. Let us onsider the metri spae (X, d) with
X = {0} ∪
(⋃
n∈N
{bn}
)
and d(x, y) = |x− y|
and with a marked point p = 0. It simply follows from [13℄ that
cardΩX
p,b˜
6 2
for eah pretangent spae ΩX
p,b˜
. Consequently all these pretangent spaes
are ultrametri.
Note now, that every triple (x, y, z) ∈ X3 an be rearranged suh that
d(x, z) = d(x, y) + d(z, y). Consequently, for this (X, d), we have
lim
x,y,z→p
(x,y,z)∈X+3
s(x, y, z) = 1,
so the proposition follows for s0 = 1. If s0 > 1, then d
1
s0
is also a metri
on X . The spae (X, d
1
s0 ), the snowaked version of (X, d), is the desirable
example. This proves the proposition.
Let (X, d) be a metri spae with a marked point p. Dene a funtion
F : X ×X → R by the rule
F (x, y) :=
{
d(x,y)(d(x,p)∧d(y,p))
(d(x,p)∨d(y,p))2
if (x, y) 6= (p, p)
0 if (x, y) = (p, p).
(2.9)
Note that 0 6 F (x, y) 6 2 for all x and y. Write
Φ(x, y, z) := F (x, y) ∨ F (x, z) ∨ F (y, z) (2.10)
and
Ψ(x, y, z) :=
d(x, y) ∨ d(y, z) ∨ d(x, z)
d(x, y) ∧ d(y, z) ∧ d(z, x) (2.11)
for all x, y, z ∈ X where Ψ(x, y, z) :=∞ if d(x, y) ∧ d(y, z) ∧ d(z, x) = 0.
The following theorem is an ultrametriity riterion for pretangent
spaes of general metri spaes.
Theorem 2.9. Let (X, d) be a metri spae with a marked point p. The
following two statements are equivalent.
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(i) All pretangent spaes ΩXp,r˜ are ultrametri.
(ii) We have the limit relation
lim
x,y,z→p
s(x, y, z)
Φ(x, y, z)
Ψ(x, y, z) =∞ (2.12)
where
1
Φ(x,y,z)
:=∞ if Φ(x, y, z) = 0.
Proof. (i)⇒ (ii) Suppose statement (i) is true. If (2.12) does not hold, then
there are α ∈ (0,∞) and sequenes x˜ = {xn}n∈N, y˜ = {yn}n∈N, z˜ = {zn}n∈N
from X˜ suh that
lim
n→∞
xn = lim
n→∞
yn = lim
n→∞
zn = p
and that
lim
n→∞
s(xn, yn, zn)
Φ(xn, yn, zn)
Ψ(xn, yn, zn) = α.
Sine the double inequalities
1
2
6
1
Φ(x,y,z)
6 ∞, 1 6 Ψ(x, y, z) 6 ∞ and
1 6 s(x, y, z) 6∞ hold for all x, y, z ∈ X , we an suppose, proeeding to a
subsequene if it is neessary, that there exist the following limits
lim
n→∞
Ψ(xn, yn, zn) =: ψ0, lim
n→∞
1
Φ(xn,yn,zn)
=: φ0,
lim
n→∞
s(xn, yn, zn) =: s0
(2.13)
with∞ > ψ0 > 1,∞ > φ0 > 12 and with∞ > s0 > 1. It follows from (2.10)
that for every n ∈ N we have at least one of the following equalities
F (xn, yn) = Φ(xn, yn, zn), F (yn, zn) = Φ(xn, yn, zn),
F (zn, xn) = Φ(xn, yn, zn).
Suppose the rst equality
F (xn, yn) = Φ(xn, yn, zn) (2.14)
holds on an innite subset of N. Then, passing one again to a subsequene,
we take that (2.14) is true for every n ∈ N. Hene the seond equality in
(2.13) an be rewritten as
lim
n→∞
F (xn, yn) = lim
n→∞
d(xn, yn)(d(xn, p) ∧ d(yn, p))
(d(xn, p) ∨ d(yn, p))2 =
1
φ0
∈ (0, 2]. (2.15)
Analogously, we an suppose that the equality
d(xn, p) = d(xn, p) ∨ d(yn, p) (2.16)
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holds on some innite subset of N and passing to a subsequene, that this
subset equals N. Relations (2.15)(2.16) imply the inequality d(xn, p) > 0
for suiently large n. Write
rn :=
{
1 if d(xn, p) = 0
d(xn, p) if d(xn, p) > 0
(2.17)
and r˜ := {rn}n∈N. We an now easily show that the quantities
d(xn, p)
rn
,
d(yn, p)
rn
,
d(zn, p)
rn
,
d(xn, yn)
rn
,
d(xn, zn)
rn
,
d(yn, zn)
rn
(2.18)
are bounded above by a onstant. Indeed, for
d(xn,p)
rn
and
d(yn,p)
rn
it follows
from (2.16)(2.17) and for
d(xn,yn)
rn
from the triangle inequality
d(xn, yn)
rn
6
d(xn, p)
rn
+
d(yn, p)
rn
.
Sine
d(xn,yn)
rn
is bounded above and the rst limit in (2.13) is nite, the
quantities
d(yn,zn)
rn
and
d(xn,zn)
rn
are also bounded above. Finally, the inequality
d(p, zn) 6 d(p, xn) + d(xn, zn)
implies the desirable boundedness of
d(zn,p)
rn
.
Sine all quantities in (2.18) are bounded, there is a sequene {nk}k∈N
of natural numbers for whih all limits
lim
k→∞
d(xnk ,p)
rnk
, lim
k→∞
d(ynk ,p)
rnk
, lim
k→∞
d(znk ,p)
rnk
,
lim
k→∞
d(xnk ,ynk )
rnk
, lim
k→∞
d(xnk ,znk )
rnk
, lim
k→∞
d(ynk ,znk )
rnk
(2.19)
are nite. Renaming x˜ := {xnk}k∈N, y˜ := {ynk}k∈N, z˜ := {znk}k∈N and
r˜ := {rnk}k∈N we obtain that x˜, y˜, z˜ and p˜ are mutually stable w.r.t. r˜. We
an now easily show that
d˜r˜(x˜, y˜) 6= 0 (2.20)
and that
d˜r˜(x˜, z˜) 6= 0 6= d˜r˜(y˜, z˜). (2.21)
For this purpose, note that (2.15)  (2.17) imply
lim
n→∞
F (xn, yn) = lim
n→∞
d(xn,yn)
rn
(
d(xn,p)
rn
∧ d(p,yn)
rn
)
= lim
n→∞
d(xn,yn)
rn
d(p,yn)
rn
= d˜r˜(x˜, y˜)d˜r˜(p˜, y˜) =
1
φ0
∈ (0, 2],
9
onsequently relation (2.20) holds. Moreover (2.20) and the niteness of the
rst limit in (2.13) imply (2.21).
Let (ΩXp,r˜, ρ) be a pretangent spae suh that x˜ ∈ β, y˜ ∈ γ è z˜ ∈ δ for
some β, γ, δ ∈ Ωp,r˜. The denition of the funtion (x, y, z) 7→ s(x, y, z) and
the niteness of the last limit in (2.13) imply the equality
ρ(β, γ) = ρ(β, γ) ∨ ρ(γ, δ) ∨ ρ(δ, β)
and, in addition, it follows from (2.20)  (2.21) that ρ(β, γ) ∧ ρ(γ, δ) ∧
ρ(δ, β) > 0. We may assume, without loss of generality, that
ρ(β, γ) > ρ(γ, δ) > ρ(δ, β) > 0,
that is (γ, β, δ) ∈ Ω+3p,r˜. Using the last limit relation in (2.13) and reasoning
as in the proof of Proposition 2.4 we obtain the equality
ρ(β, γ) = ((ρ(β, δ))s0 + (ρ(δ, γ))s0)
1
s0 . (2.22)
Sine s0 ∈ [1,∞), the last equality shows that (ΩXp,r˜, ρ) is not an ultra-
metri spae ontrary to the assumption. To omplete the proof of the
impliation (i) ⇒ (ii) it sues to observe that (2.22) was derived from
relations (2.20) and (2.21) and that these two relations remain valid if
the pair (xn, yn) in (2.14) is replaed by an arbitrary pair from the set
{(xn, zn), (yn, xn), (yn, zn), (zn, xn), (zn, yn)}.
(ii) ⇒ (i) Suppose now that (2.12) holds. We must prove that all
pretangent spaes (ΩXp,r˜, ρ) are ultrametri. To this end it sues to show
that for an arbitrary normalizing sequene r˜ the inequality
d˜r˜(x˜, y˜) 6 d˜r˜(x˜, z˜) ∨ d˜r˜(z˜, y˜) (2.23)
holds for all mutually stable (w.r.t. r˜) x˜, y˜, z˜ ∈ X˜ whenever
d˜r˜(x˜, y˜) > d˜r˜(x˜, z˜) > d˜r˜(z˜, y˜) > 0 (2.24)
and whenever there are nite limits
d˜r˜(x˜, p˜) = lim
n→∞
d(xn, p)
rn
, d˜r˜(y˜, p˜) = lim
n→∞
d(yn, p)
rn
, d˜r˜(z˜, p˜) = lim
n→∞
d(zn, p)
rn
(2.25)
where {xn}n∈N = x˜, {yn}n∈N = y˜, {zn}n∈N = z˜. Limit relation (2.12), the
denition of Ψ and inequalities (2.24) imply
∞ = lim
n→∞
s(xn, yn, zn)
Φ(xn, yn, zn)
Ψ(xn, yn, zn) =
d˜r˜(x˜, y˜)
d˜r˜(y˜, z˜)
lim
n→∞
s(xn, yn, zn)
Φ(xn, yn, zn)
.
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Consequently we have
lim
n→∞
s(xn, yn, zn)
Φ(xn, yn, zn)
=∞ (2.26)
beause, by (2.24), the quantity
d˜r˜(x˜,y˜)
d˜r˜(y˜,z˜)
are nite and positive. If, in addition,
the equality
lim
n→∞
s(xn, yn, zn) =∞ (2.27)
holds, then reasoning as in the proof of the seond part of Proposition
2.4 we obtain inequality (2.23). If (2.27) does not hold, then there are
an innite stritly inreasing sequene {nk}k∈N of natural numbers and a
onstant s0 ∈ [1,∞) suh that
lim
k→∞
s(xnk , ynk , znk) = s0.
The last equality and (2.26) have as a onsequene
lim
k→∞
1
Φ(xnk , ynk , znk)
=∞. (2.28)
It follows from this and (2.9)(2.10) that
0 = lim
k→∞
(d(xnk , p) ∧ d(ynk , p))d(xnk , ynk)
(d(xnk , p) ∨ d(p, ynk))2
= d˜r˜(x˜, y˜) lim
k→∞
d(xnk ,p)
rnk
∧ d(ynk ,p)
rnk(
d(xnk ,p)
rnk
∨ d(ynk ,p)
rnk
)2
and onsequently
lim
k→∞
d(xnk ,p)
rnk
∧ d(ynk ,p)
rnk(
d(xnk ,p)
rnk
∨ d(ynk ,p)
rnk
)2 = 0.
Similarly we have
lim
k→∞
d(xnk ,p)
rnk
∧ d(znk ,p)
rnk(
d(xnk ,p)
rnk
∨ d(znk ,p)
rnk
)2 = lim
k→∞
d(ynk ,p)
rnk
∧ d(znk ,p)
rnk(
d(ynk ,p)
rnk
∨ d(znk ,p)
rnk
)2 = 0. (2.29)
Note that
d˜r˜(x˜, p˜) ∨ d˜r˜(y˜, p˜) ∨ d˜r˜(z˜, p˜) > 0 (2.30)
beause in the opposite ase the triangle inequality implies d˜r˜(x˜, y˜) =
d˜r˜(x˜, z˜) = d˜r˜(z˜, y˜) = 0, ontrary to (2.24). Suppose that
d˜r˜(x˜, p˜) ∨ d˜r˜(y˜, p˜) ∨ d˜r˜(z˜, p˜) = d˜r˜(z˜, p˜). (2.31)
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This equality and (2.29) imply
0 = lim
k→∞
1
(d˜r˜(z˜, p˜))2
(
d(xnk , p)
rnk
∧ d(znk , p)
rnk
)
=
d˜r˜(x˜, p˜)
(d˜r˜(z˜, p˜))2
,
i.e. d˜r˜(x˜, p˜) = 0. Completely analogously we have d˜r˜(y˜, p˜) = 0. It means
that d˜r˜(x˜, y˜) = 0 whih implies (2.23). It still remains to note that similar
arguments are appliable if the right side of (2.31) is d˜r˜(x˜, p˜) or d˜r˜(y˜, p˜)
instead of d˜r˜(z˜, p˜). Hene in all ases (2.12) implies (2.23).
3 Metri betweenness in pretangent spaes
The purpose of this part of the paper is to obtain an analog of Theorem 2.9
for the pretangent spaes whih are not ultrametri. Reall the following
denition, see, for example, [20, p. 55℄.
Denition 3.1. Let (X, d) be a metri spae and let x, y, z be distint points
of X. The point y lies between points x and z if
d(x, z) = d(x, y) + d(y, z). (3.1)
Denote by M the lass of all metri spaes (X, d) suh that (3.1) holds
for all x, y, z ∈ X whenever d(x, z) > d(x, y) > d(y, z).
It is easy to see that X ∈ M if and only if the betweenness exponent
t0(Y ) = 1 for eah Y ⊆ X with cardY > 3. Proposition 2.4 shows that
t0(Θ) = s0 for every subspae Θ of pretangent spae (Ωp,r˜, ρ) provided that
cardΘ > 3 and limit relation (2.5) holds with s0 < ∞. Thus the spaes
(ΩXp,r˜, ρ
s0) belong to M under these onditions.
Theorem 3.2. Let (X, d) be a metri spae, p a limit point of X and s1 a
positive number. The membership relation
(ΩXp,r˜, ρ
s1) ∈M (3.2)
holds for every pretangent spae ΩXp,r˜ if and only if
lim
x,y,z→p
(x,y,z)∈X+3
Ψ(x, y, z)s2(x, y, z)
Φ(x, y, z)(s1 − s(x, y, z))2 =∞ (3.3)
where
(
s(x,y,z)
s1−s(x,y,z)
)2
:= 1 in the ase s(x, y, z) =∞.
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Remark 3.3. Membership relation (3.2) means, in partiular, that ρs1 is a
metri on ΩXp,r˜. If cardΩ
X
p,r˜ > 3, then using Lemma 2.2 we see that s1 equals
the betweenness exponent of (ΩXp,r˜, ρ) whenever (3.2) holds. Moreover (3.2)
holds for all s1 > 0 if and only if cardΩ
X
p,r˜ 6 2.
The following proof sueeds the sheme of the proof of Theorem 2.9
Proof of Theorem 3.2. Suppose that (3.2) holds for all pretangent spaes
ΩXp,r˜. We must prove that (3.3) holds. The diret alulations show that
(s(x, y, z))2
(s1 − s(x, y, z))2 >
{
1 if s1 = 1
1 ∧ 1
(1−s1)2
if s1 ∈ (0,∞){1}.
(3.4)
Hene if (3.3) does not hold, then as in the ase of (2.13) there is a sequene
of triples (xn, yn, zn) ∈ X+3, n ∈ N, suh that
lim
n→∞
xn = lim
n→∞
yn = lim
n→∞
zn = p
and that the following nite positive limits exist
lim
n→∞
Ψ(xn, yn, zn) = ψ0, lim
n→∞
1
Φ(xn,yn,zn)
= φ0,
lim
n→∞
s2(xn,yn,zn)
(s1−s(xn,yn,zn))2
= s2.
(3.5)
The ondition (xn, yn, zn) ∈ X+3 and (2.11) imply the equality
Ψ(xn, yn, zn) =
d(xn, zn)
d(yn, zn)
and the membership relations
d(xn, zn)
d(xn, yn)
,
d(xn, yn)
d(yn, zn)
∈
[
1,
d(xn, zn)
d(yn, zn)
]
.
Consequently, replaing N by a suitable subset, we may suppose that there
are nite onstant ψ1, ψ2 suh that
lim
n→∞
d(xn, zn)
d(xn, yn)
:= ψ1, lim
n→∞
d(xn, yn)
d(yn, zn)
:= ψ2 (3.6)
and ψ1ψ2 = ψ0 and ψ1 ∧ ψ2 > 1.
Using (3.5) and (3.6) and repeating the arguments from the rst part of
the proof of Theorem 2.9 we nd a normalizing sequene r˜ = {rn}n∈N suh
that there are nite limits
d˜(p˜, x˜) = lim
n→∞
d(xn,p)
rn
, d˜(p˜, y˜) = lim
n→∞
d(yn,p)
rn
, d˜(p˜, z˜) = lim
n→∞
d(zn,p)
rn
,
d˜(x˜, y˜) = lim
n→∞
d(xn,yn)
rn
, d˜(x˜, z˜) = lim
n→∞
d(xn,zn)
rn
, d˜(y˜, z˜) = lim
n→∞
d(yn,zn)
rn
(3.7)
13
and, in addition, the inequalities
d˜(x˜, z˜) > d˜(x˜, y˜) > d˜(y˜, z˜) > 0 (3.8)
hold. Note that (3.7) is similar to (2.19) and (3.8) an be obtained as (2.20)
 (2.21).
Let us onsider now the limit relation
lim
n→∞
s2(xn, yn, zn)
(s1 − s(xn, yn, zn))2 = s2. (3.9)
We rst establish that s2 6= 1. As usual, replaing N by a suitable innite
subset, we may suppose that there is the limit
lim
n→∞
s(xn, yn, zn) = s0 ∈ [1,∞]. (3.10)
If s0 = +∞, then, as in the proof of Proposition 2.4, we an obtain the
equality
d˜(x˜, z˜) = d˜(x˜, y˜) ∨ d˜(y˜, z˜). (3.11)
Furthermore, it follows from (3.2) that(
d˜(x˜, z˜)
)s1
=
(
d˜(x˜, y˜)
)s1
+
(
d˜(y˜, z˜)
)s1
. (3.12)
Equalities (3.11) and (3.12) imply the equality d˜(y˜, z˜) = 0, ontrary to (3.8).
Hene the limit in (3.10) is nite. If s2 = 1, then using (3.9) we have
s20
(s0 − s1)2 = 1,
that is s0 = s1/2. From this we obtain(
d˜(x˜, z˜)
) s1
2
=
(
d˜(x˜, y˜)
) s1
2
+
(
d˜(y˜, z˜)
) s1
2
(3.13)
in the same manner as in the ase s0 = ∞. It ontradits (3.12) beause
the funtion
f(s) =
(
(d˜(x˜, y˜)s + (d˜(y˜, z˜))s
) 1
s
, (3.14)
is stritly dereasing in s. Thus s2 6= 1 as it was indiated.
Let us analyze now the possible value of s0 in (3.10). It was noted above
that s0 6=∞ beause s2 6= 1. Hene s0 is a root of the equation
x2
(x− s1)2 = s2
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where s2 ∈ (1,∞). Sine s2 6= 1, two possible values of s0 are
s1
√
s2
1 +
√
s2
and
−s1√s2
1−√s2 , (3.15)
where we put
√
s2 > 0. It follows from (3.15) that s0 6= s1 beause if s0 = s1,
then
s1(1 +
√
s2) = s1
√
s2 or s1(1−√s2) = −s1√s2,
i.e., s1 = 0 whih ontradits the onditions of the theorem. As in (3.13)
we obtain (
d˜(x˜, z˜)
)s0
=
(
d˜(x˜, y˜)
)s0
+
(
d˜(y˜, z˜)
)s0
.
The last equality ontradits (3.12) beause funtion (3.14) is stritly de-
reasing on (0,∞) and s0 6= s1.
It follows that the positive onstant s2 in (3.5) and (3.9) annot be nite,
ontrary to the assumption. Thus the limit relation (3.3) holds if all spaes
(ΩXp,r˜, ρ
s1) belong to M.
Suppose now that limit relation (3.3) holds. We must prove that for
every pretangent spae ΩXp,r˜ the equality
(ρ(β, δ))s1 = (ρ(β, γ))s1 + (ρ(γ, δ))s1 (3.16)
holds for all β, γ, δ ∈ ΩXp,r˜ whenever
ρ(β, δ) > ρ(β, γ) > ρ(γ, δ). (3.17)
Sine (3.17) is trivial for ρ(γ, δ) = 0, we assume
ρ(γ, δ) > 0. (3.18)
Note that (3.17) together with (3.18) are an equivalent of (β, γ, δ) ∈ Ω+3p,r˜.
Let (β, γ, δ) ∈ Ω+3p,r˜ is given and let
x˜∗ = {x∗n}n∈N ∈ β, y˜∗ = {y∗n}n∈N ∈ γ, z˜∗ = {z∗n}n∈N ∈ δ. (3.19)
At least one of the six rearrangements of the points x∗n, y
∗
n, z
∗
n belongs toX
+3
for n belonging to some innite subsequene {nk}k∈N of natural numbers.
We denote by xn the rst element of this rearrangement, by yn the seond
and by zn the third one. Using, as usual, {nk}k∈N instead of the sequene of
all natural numbers we may suppose that (xk, yk, zk) ∈ X+3 for eah k ∈ N.
Write x˜ := {xk}k∈N, y˜ := {yk}k∈N, z˜ := {zk}k∈N. Relations (3.19) imply the
equalities
d˜r˜′(x˜, z˜) = lim
k→∞
d(xk ,zk)
rnk
= ρ(β, δ), d˜r˜′(x˜, y˜) = lim
k→∞
d(xk,yk)
rnk
= ρ(β, γ),
d˜r˜′(y˜, z˜) = lim
k→∞
d(yk ,zk)
rnk
= ρ(γ, δ),
(3.20)
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see Remark 2.5. Moreover, it follows diretly from denitions of x˜, y˜, z˜ that
there are nite limits
lim
k→∞
d(xk, p)
rnk
, lim
k→∞
d(yk, p)
rnk
and lim
k→∞
d(zk, p)
rnk
.
Consequently the family {x˜, y˜, z˜, p˜′} is self-stable w.r.t. r˜′ = {rnk}k∈N.
Using (3.20) we an rewrite (3.16) in the equivalent form(
d˜r˜′(x˜, z˜)
)s1
=
(
d˜r˜′(x˜, y˜)
)s1
+
(
d˜r˜′(y˜, z˜)
)s1
. (3.21)
Reasoning as in the proof of (2.26) we obtain
lim
k→∞
s2(xk, yk, zk)
Φ(xk, yk, zk)(s1 − s(xk, yk, zk))2 =∞.
If, in addition, the equality
lim
k→∞
s(xk, yk, zk) = s1
is true, then, using the rst part of the proof of Proposition 2.4, we see
that (3.21) holds. In the opposite ase there is an innite stritly inreasing
sequene of natural numbers km, m ∈ N, for whih, similarly (2.28), we
obtain
lim
m→∞
1
Φ(xkm , ykm, zkm)
=∞.
Now the equality (3.21) an be proved by the repetition of the arguments
whih stay after (2.28).
In the following orollary and further we assume that R is the set of all
real numbers with the usual metri d(x, y) = |x− y|.
Corollary 3.4. Let (X, d) be a metri spae with a limit point p, (ΩXp,r˜, ρ)
a pretangent spae to X at the point p and s1 a positive number. If (3.3)
holds for this s1, then eah one from the following onditions is suient
that the spae (ΩXp,r˜, ρ) be tangent.
(i) There is no any isometri embeddings of (ΩXp,r˜, ρ
s1) in R.
(ii) The spae (ΩXp,r˜, ρ
s1) is isometri to R.
To prove this we will use the following partiular ase of the lassial
Menger's result on the isometri embeddings into Eulidean spaes.
Theorem 3.5 (K. Menger). Let Y ∈M be a metri spae with cardY > 5.
Then Y is isometri to some subset of R.
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Proof of Corollary 3.4. Suppose that ondition (i) is fullled and (3.3) is
true. Sine (3.3) holds, we have, by Theorem 3.2, that (ΩXp,r˜, ρ
s1) ∈ M.
Using Menger's theorem 3.5 we see that
cardΩp,r˜ = 4. (3.22)
If (ΩXp,r˜, ρ) is not tangent, then there is a pretangent spae Ω
X
p,r˜′ suh that
Ωp,r˜′em
′(Ωp,r˜) 6= ∅ (3.23)
for the isometri embedding em′ : ΩXp,r˜ → ΩXp,r˜′, see Denition 1.4. Sine
(ΩXp,r˜′, ρ
s1) also belongs to M, relations (3.22)  (3.23) imply the inequality
cardΩp,r˜′ > 5.
Hene, by Menger's theorem, there exists an isometri embedding f of
(ΩXp,r˜′, ρ
s1) into R. Now the superposition ΩXp,r˜
em′→ ΩXp,r˜′
f→ R is an isometri
embedding of (ΩXp,r˜, ρ
s1) in R, ontrary to (i).
Let ondition (ii) and (3.3) be fullled. In order that (ΩXp,r˜, ρ) be tangent,
it sues to show eah isometri embedding f : R → Y is a bijetion if
Y ∈ M. Suppose an isometri embedding f : R → Y , Y ∈ M, is not
bijetive. Let a ∈ Yf(R) and let b ∈ f(R). Write s := ρ(a, b) where ρ is
the metri on Y . Then there are two distint points p1, p2 ∈ R for whih
|f−1(b)− p1| = |f−1(b)− p2| = s.
Consequently we have
ρ(b, f(p1)) = ρ(b, f(p2)) = ρ(b, a) = s > 0
where all three points f(p1), f(p2) and b are distint. Theorem 3.5 implies
that (Y, ρ) an be isometrially embedded in R. Let g : Y → R be a suh
embedding. Then the points g(b), g(f(p1)) and g(f(p2)) are distint points
of the sphere {x ∈ R : |g(a) − x| = s}. It is impossible beause every
"sphere" in R ontains only two points.
Remark 3.6. The four-point metri spaes Y ∈M whih annot be isomet-
rially embedded inR are sometimes referred to as pseudo-linear quadruples.
It is well known that (Y, d) is a pseudo-linear quadruples if and only if the
points of Y an be labelled p0, p1, p2, p3 suh that
d(p0, p1) = d(p2, p3) = s, d(p1, p2) = d(p0, p3) = t,
d(p0, p2) = d(p1, p3) = s+ t
(3.24)
where s and t are some positive onstants. See, for example, [6, p. 114℄.
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Eah pseudo-linear quadruples an be easily realized as a subset of the
two-dimensional linear normed spae l2
∞
where, as usual, the norm is
‖(x1, x2)‖ = |x1| ∨ |x2|.
To this end we put
p0 = (0, 0), p1 = (s, s), p2 = (s+ t, s− t), p3 = (t,−t) (3.25)
Simple alulations show that equalities (3.24) hold in this ase.
Realization (3.25) leads us to the examples of metri spaes whih have
the pseudo-linear quadruples as tangent spaes.
Example 3.7. Let r˜ = {rn}n∈N be a dereasing sequene of positive
numbers suh that lim
n→∞
rn/rn+1 = +∞ and let t, s ∈ (0,∞). Write
Y := {p0, p1, p2, p3} where pi, i = 0, . . . , 3 are the points of l2∞ whih were
dened by (3.25) and set
X =
⋃
n∈N
rnY
with rnY = {rnp : p ∈ Y }. Consider the metri spae (X, d) with the
metri d indued from the spae l2
∞
. It is easy to see that the sequenes
x˜i := {rnpi}n∈N, i = 0, . . . , 3, are mutually stable w.r.t. the normalizing
sequene r˜. Furthermore, it an be shown that there is a unique maximal
self-stable family X˜p0,r˜ and that
cardΩXp0,r˜ = 4, p0 = (0, 0),
where ΩXp0,r˜ is the metri identiation of X˜p0,r˜. Equalities (3.24) imply
that ΩXp0,r˜ is isometri to the pseudo-linear quadruples and, onsequently, is
tangent by Corollary 3.4.
Remark 3.8. Some details dropped under onsideration of the above ex-
ample an be easily regenerated from [13℄.
The next orollary of Theorem 3.2 laries "the geometrial sense" of
the fator Φ(x, y, z) in limit relation (3.3).
Corollary 3.9. Let (X, d) be a metri spae and let p be a limit point of
X. The following statements are equivalent:
(i) (Ωp,r˜, ρ
s1) ∈M for every pretangent (Ωp,r˜, ρ) and all s1 ∈ (0,∞);
(ii) cardΩp,r˜ 6 2 for every pretangent (Ωp,r˜, ρ);
(iii) lim
x,y→p
F (x, y) = 0 where the funtion F was dened by (2.9);
(iv) lim
x,y,z→p
(x,y,z)∈X+3
Φ(x, y, z) = 0 where the funtion Φ was dened by (2.10).
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Proof. (i)⇒ (ii). It follows from the denition of M and from Remark 2.7.
(ii)⇒ (iii) was proved in [13℄.
(iii)⇒ (iv) is immediate from the denitions of the funtions Φ and F .
(iv)⇒ (i). To prove this note that (iv) implies (3.3) beause the values
of
Ψ(x, y, z)s2(x, y, z)
(s1 − s(x, y, z))2
are bounded away from zero. Thus (i) follows by Theorem 3.2.
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